A Mobile Cable-Driven Parallel Robot (MCDPR) is composed of a classical Cable-Driven Parallel Robot (CDPR) carried by multiple mobile bases. The additional mobilities due the motion of the mobile bases allow such systems to autonomously modify their geometric architecture, and thus make them suitable for multiple manipulation tasks in constrained environments. Moreover, these additional mobilities mean MCDPRs are kinematically redundant and may use this redundancy to optimize secondary task criteria. However, the high dimensional state space and closed chain constraints add complexity to the motion planning problem. To overcome this, we propose a method for trajectory planning for MCDPRs performing pick and place operations in cluttered environments by using direct transcription optimization. Two different scenarios have been considered and their results are validated using a dynamic simulation software (V-REP) and experimentally.
I. INTRODUCTION
Cable-Driven Parallel Robots (CDPRs) are a particular type of parallel robots, where the moving platform (endeffector) is connected to a fixed base frame by cables. The moving platform is displaced by appropriately controlling the cable lengths. CDPRs have been used in several applications such as large payload handling [1] , fast pickand-place operations [2] and rehabilitation [3] exercises. In spite of various successful applications of CDPRs, several challenges remain unresolved. For example, CDPRs impose a strong requirement on the collision free circulation of the cables with respect to the environment. Furthermore, typical CDPRs, have a fixed cable layout, i.e. fixed pulleys and platform attachment points, which leads to a workspace perhaps unsuitable to changing task requirements. Therefore, it makes sense to modify the geometric architecture as a function of the required task and the surrounding environment. CDPRs that can alter their cable layout are known as Reconfigurable Cable-Driven Parallel Robots (RCDPRs). Recent studies on RCDPRs [4] have proposed different design strategies that change the cable layout to increase the platform stiffness and/or maximize the robot workspace. However, for most existing RCDPRs, reconfigurability is performed manually, a discrete and time consuming task. To perform an autonomous reconfiguration of RCDPRs, a novel concept of Mobile Cable-Driven Parallel Robots (MCDPRs) has been introduced in [5] . A MCDPR is composed of a classical CDPR with m cables, an n degree-offreedom (DoF) moving platform and a set of p mobile robots that can displace the system [6] . The first MCDPR prototype, FASTKIT, constructed in the framework of ECHORD++ project 1 , can adopt its geometry depending on the desired task. Recent work [7] , [8] on the kinematic performance of MCDPRs have shown such systems to be kinematically redundant due to the added mobility of the mobile bases. Hence, there exists infinitely many solutions for the MCDPR to perform a desired task. The optimal path planing of FASTKIT having one degree of redundancy is presented in [8] by using a gradient based optimization approach. In contrast, each mobile robot in Fig. 1 provides two supplementary DoF, thus allowing the system to optimize several performance criteria simultaneously.
The main advantage of a MCDPR over conventional robots is the ability to deploy a fast pick-and-place manipulator as needed throughout a factory or warehouse. To do so, the system must be able to generate safe trajectories through potentially cluttered environments. Global search methods such A* and Dijkstra, find optimal trajectories in a discretized workspace, but perform poorly in high dimensions [9] . Sampling based motion planning algorithms improve planning times by randomly sampling the state space. Indeed RRT* PRM* are provably asymptotically optimal [10] . However, convergence in complex environments requires a large computational time and their finite time solutions are often of poor quality. Additionally, it is difficult to embed kinodynamic constraints, crucial for CDPRs, in such algorithms. Hence, a popular technique is to initialize a trajectory optimization algorithm using sampling based methods [11] . Trajectory optimization methods can take into account complex state and environmental constraints. The simplest trajectory optimization approach, known as shooting, selects control inputs and simulates the resulting motion [12] . The inputs are tuned using the error between the final state and a desired final state. Single shooting methods require a very good initial guess or have trouble finding solutions. This problem may be alleviated by breaking the trajectory into segments and solving a shooting problem at each segment, known as multi-shooting [13] . In contrast, direct transcription method [14] , discretize the trajectory into node points. The states and control variables at each node form the decision variables, while the system evolution is defined in the constraints. While this increases the overall dimension, direct transcription methods are sparse and the smoothness of the resulting equations increases computational efficiency [15] .
In this paper, we propose trajectory planning for MCDPR by using direct transcription optimization method. The optimization based approach allows us to embed the numerous constraints associated with CDPRs into the planning problem, while the direct transcription eases the reliance on the initial guess. The results are simulated on the dynamic model of MoPICK developed using the V-REP environment [16] on two different scenarios. Additionally, the second scenario is experimentally validated using the MoPICK prototype. The paper is organized as follows. Section II presents the description and parameterization of the manipulator and the desired task. Section III proposes a two-stages trajectory planning approach for redundant MCDPRs. Section IV presents the MoPICK simulator developed in V-REP and discusses the results obtained from the trajectory planning. Finally, conclusions are drawn and future work is presented in Section IV-C.
II. SYSTEM MODELING
In this section, the parameterization and modeling of a MCDPR system is recalled.
A. Robot Parameterization
MoPICK comprises four mobile bases (p = 4) carrying a fully suspended CDPR consisting of four cables (q = 4) and a three DoF point mass end-effector (n = 3), as shown in Fig. 1 . The jth mobile base, denoted as M j , j = 1, . . . , 4 carries cable C j . Let u j be the directional vector of C j pointing from the point-mass P to the cable exit point A j . Let t t t j be the C j 's cable tension vector expressed as, where t j denotes the tension in the cable C j . MoPICK uses four Turtlebots [17] , each with two motorized wheels and two supporting wheels at the front and rear, as its mobile bases. A cylindrical shaped structure of radius 0.25 m is added to support the aluminum frame which holds the CDPR's pulleys mounted at the height of 1.2 m from the ground. To increase the mobile bases stability four caster wheels are added ( Fig. 1 ). Thus, each mobile base has eight wheels in total and the design ensures that at least five are always in contact with the ground. Indeed, by construction, either the three rear passive wheels or the three front passive wheels are in contact. The motorized wheels have individual spring suspensions, which permit ground contact and thus the ability to drive the base at all times.
Let F 0 denotes the base frame with origin 0 O and axes 0 x, 0 y and 0 z while F b j denotes the frame attached to M j with origin b j O and axes b j x, b j y and b j z, illustrated in Fig. 2 . The mobile bases displace via a non-holonomic differential drive mechanism [18] meaning that M j can generate a rotational motion about b j z and a translational motion along b j x. The CDPR carried by MoPICK is designed such that its exit points A j lie on the axis of b j z , preventing changes in the directional vector u j of the cable C j due to rotational motion of M j . Thus, for a given pose of the moving platform, u j is determined by obtaining the reference point O b j of M j in 0 x 0 y plane. The mobile bases are displaced by sending velocity commands to the motorized wheels while the CDPR is controlled either by defining its cable lengths or cable velocities.
B. Wrench Feasibility
Wrench feasible workspace (WFW) for a MCDPR is defined as the set of platform poses for which the required set of wrenches can be balanced with wrenches generated by the cables while maintaining the MCDPR's static equilibrium [6] .
1) Static Equilibrium of MCDPRs: The static equilibrium of the MCDPR's moving platform is expressed as
where W is a (n × m) wrench matrix mapping the mdimensional cable tension vector t onto the moving platform's wrenches, denoted as f ∈ R n .
C j 's tension is bounded between a minimum tension t j and a maximum tension t j ,
t j is supposed to be null. The maximum cable tension depends on the actuation system used to actuate the cables of the MCDPR, i.e., motors, winches etc. In MoPICK prototype, Dynamixel MX − 64AT actuators and winches whose drum diameter is equal to 0.2 m, are used, to pull the cables. Based on the hardware specification and safety issues, t j is set to 15 N. The static equilibrium of a wheeled mobile base depends on the moments generated at the boundaries of its footprint referred to as the tipping conditions. The footprint of M j is constructed by connecting the wheel contact points, denoted as C o j , o = 1, . . . , 4 in counter clockwise direction. The directional vector of the footprint boundary between the two consecutive contact points (C o j ,C o+1 j ) is denoted as e C o j as shown in Fig. 2 . Let m C o j be the moment generated at the instant when M j loses contact with the ground about C o j and C o+1 j , expressed as
T denote the Cartesian coordinate vector of the center of gravity and the wheel contact point C o j , respectively. w g j represents the weight vector of M j . p represents the Cartesian coordinate vector of the point-mass P. For M j to be in static equlibirum,
2) Available Wrench Set: The Available Wrench Set (AWS) of a MCDPR is defined as the set of wrenches the system can generate while respecting the cable tension limits and the static equilibrium conditions [6] , i.e.,
The MCDPR AWS defined in (7) forms a n-dimensional convex polytope whose facets depend on cable tension limits, the static equilibrium conditions of the mobile bases and the MCDPR pose. The recent work in [6] , [8] proposes mapping (4) and (5) into the wrench space of the moving platform using (2) to determine A . An index called Capacity Margin [19] is used to determine whether a given pose is wrench feasible or not using the facets of A and the vertices of the Required Wrench Set (RWS). It is a measure of the robustness of the equilibrium of the robot, denoted as µ, expressed as, µ = min (min s d,l ),
where s d,l is the signed distance from the dth vertex of the RWS to the lth facet of the AWS. µ is positive if and only if all the vertices of RWS are inscribed by A , i.e. the moving platform has the ability to generate RWS while respecting all the equilibrium conditions of a MCDPR. Figure 2 shows the test scenario for MoPICK, where the goal is to displace the moving platform from an initial position to a desired position P 3 while passing through defined wayspoints denoted as P 1 and P 2 . The task is performed in a cluttered environment having static tables and obstacles. The waypoints are positioned on the tables and require a task action, for example grasping and/or releasing an object.
C. Task Description
To avoid collision between the obstacles and a mobile base, a common practice is to inflate the obstacles by at least the radius of mobile bases in 0 x 0 y plane, denoted as safe region around obstacles, as illustrated in Fig. 2 . As a consequence, the mobile bases may be treated as single points, reducing the complexity of the planning problem. In order to perform the desired task, a feasible, continuous and collision free trajectory for the mobile bases is required.
III. TRAJECTORY PLANNING
In this section, we propose a two-step trajectory planning method for MCDPRs. First, direct transcription method is used for the path planning of the robot, which searches for an optimal geometric path from an initial to a final point. The output of the direct transcription method is in the form of a discrete set of poses achieved by minimizing the given criterion while respecting the set of constraints. The second step is the trajectory planning which aims at using this set of poses to generate a continuous motion profile of the robot.
A. Path Planning using Direct Transcription Optimization
In general, the dynamics of a system can be defined by the set of differential equations,
where x and u represent the states of the system and the control input. f (·) denotes the evolution of the system dynamics in time t. Trajectory optimization aims at finding a control trajectory that minimizes a given criterion subject to the dynamics constraints in (9) . In direct transcription methods, this continuous optimal control problem is transcribed into a finite-dimensional optimization problem by discretizing the trajectories over N time steps and solved for states and controls simultaneously. 1) State transition between time-steps: The MCDPR is characterized by the position of its mobile bases and its moving platform. Let p i be a three dimensional vector containing the Cartesian coordinates of the point-mass moving platform P in F 0 at the ith step of the trajectory, i = 2, . . . , N. Accordingly, let the two-dimensional Cartesian coordinate vector of M j in 0 x 0 y plane be denoted as m j,i at the ith time step. It should be noted that the i = 1 represents the given initial configuration of MoPICK. The state of the MoPICK at the ith time step, is denoted by eleven-dimensional vector x i , expressed as,
In the direct method rather than simulating the continuous evolution of the system the states at all waypoints are optimized simultaneously. To do so, x i+1 is obtained from the previous states by forward integration of the velocities.
In this paper, we use a simple Euler integration of the form
The product of ∆t andẋ i+1 defines the maximum change in the state variables for a given timestep. Typically in cluttered environments, this should be relatively small to prevent the optimizer finding solutions that jump over objects. Thus, the state variables for the optimization problem are defined as x andẋ both 11(N − 1)−dimensional vectors containing the position and velocity of the platform and the mobile bases at each time step, namely,
For an initial state value denoted x init and assuming an initial static condition (11) can be extended to
By re-arranging the above expression into matrix form and gathering all the state variables to one side a system of linear equality constraints governing the transition of the system from one time step to the next can be written in terms of the state variables as follows:
A is a 22(N − 1)-dimensional sparse square matrix and b is a 22(N − 1)-dimensional sparse vector containing the system initial conditions. 2) Optimization Procedure: At each step, the MCDPR pose must be wrench feasible with respect to the RWS (the weight of the moving platform). Additionally, we are interested in finding a shortest collision free path for the moving platform. Hence, the objective function of the problem is formulated as follows, minimize
The first cost term in (13) , aims to maximize the capacity margin of the RWS at each time step while the second term attempts to minimize the total path length of the mobile bases. The cost weights are tuned as k 1 = 0.4, k 2 = 0.6. The system is subject to a set of global equality constraints defined as follows
where N 1 and N 2 represent the time steps at the waypoints of the moving platform P 1 and P 2 , respectively. The desired poses and waypoints are imposed using equality constraints (14) , while as explained above the system velocities are constrained by the state transition matrix (15) . Furthermore at any time-step i = 1, . . . , N the following inequality constraints are imposed for j th , j = 1, . . . , 4, mobile base
Equation (16) bounds the length of the cables between a minimum and maximum length denoted as l min and l max , where 1.2 m is the constant height of the exit points expressed in F 0 . Equation (17) ensures the mobile bases do not collide with each other by defining d min as a minimum acceptable distance. Equation (18) ensures that the distance between the q th augmented obstacle, whose position is defined by o q and radius is r q , and the mobile base is always greater than 0. Finally, (19) enforces bounds on the state variables, i.e.,
where x L , x U ,ẋ L andẋ U represents the lower and upper bounds on x i andẋ i , i = 2, . . . , N, respectively.
B. Generation of Motion Profiles
The approach of cubic splines [20] is adopted to acquire a continuous trajectory profile for the robot, whose geometric path passes through the N discrete points obtained from the direct transcription method. For this purpose, a single cubic spline is defined for each independent state of the system as a function of time t and is composed of N − 1 cubic polynomials connecting N supporting points, while imposing the continuity conditions at first and second derivative with respect to t at each supporting point. Additionally, the boundary conditions are also imposed, i.e., the velocities and accelerations at initial and final supporting points are null.
IV. RESULTS AND EXPERIMENTS
For controlling the mobile bases, their output trajectories obtained from the cubic splines are transformed into the wheels rotational velocity using the latter's kinematic model [18] . Evidently, wheels rotational velocities are also continuous. These aforementioned continuous trajectories does not include any sharp turns and edges, thus, gives an exemption for including the non-holonomic constraints into the planning problem.
A. Comparison with greedy algorithm
The optimization problem defined by Eqs. (13) to (19) is solved using the c MATLAB function f mincon. It took 36 minutes and 14 seconds of CPU 2 time to compute the solution of the aforementioned optimization problem with the following parameters: The total trajectory time is 85 seconds. Figure 3 illustrates the N number of path points generated using the Direct Transcription method. It should be noted that a single cubic spline is required for each independent state of the manipulator defined in Eq. (10) . Therefore 11 cubic splines are used to generate a continuous path depicted in Fig. 3 . Accordingly. the velocity profiles of the moving-platform and the mobile bases are shown in Fig. 4 output of the proposed method can be seen at 3 . The resulting path from the direct transcription method is compared with a path planning algorithm for MCDPRs presented in [21] , which iteratively searches for a feasible and collision free path by making a locally optimal choice at each step. One of the potential drawbacks of this algorithm is that it requires good initial solution in the form of moving platform waypoints. Moreover, the path quality is poor containing loops and edges which increase the distance travelled. However, the iterative algorithm is more useful if a user wants to guide the system to pass through a difficult region. The comparison between the lengths of the MCDPR path acquired from the direct transcription and iterative algorithm is shown in Fig. 5 . The proposed approach of direct transcription generates a more continuous path with better performance in terms of total distance traveled.
. A simulation video showing the
In spite of the better quality in resulting trajectories, the direct transcription method has several limitations. First the number of decision variables may become computationally more expensive with high DoF MCDPRs, however this is somewhat mitigated by the sparsity of the state transition matrix. Second, the weights of the costs need to tuned, a time consuming task, to acquire a feasible trajectory of the system. Finally, as the path is obtained in terms of discrete points, the approximation between the two consecutive nodes performed by the cubic splines might not respect all constraints, e.g., collisions with obstacles. This problem may be resolved by either increasing the safety distance to obstacles or increasing N, albeit with added computational cost.
B. MoPICK Simulation in V-REP
A dynamic model of the MoPick is developed using the simulation environment V-REP [16] , to facilitate testing and debugging before hardware deployment. The model of the mobile bases is based on an existing TurtleBot model in [22] while the CDPR dynamic model is adopted from [23] .
The V-REP simulation of the resulting trajectory, obtained from the proposed method, can be seen in this video 4 . The results may be evaluated by analyzing the moving platform's path. Figure 6 shows the error between the desired and actual position of the moving platform in V-REP. It should be noted that the proposed trajectory is feasible and the moving platform achieves the desired path within an acceptable range of errors.
C. Experimental Validation
The proposed approach is validated experimentally on MoPICK, using a second scenario with two waypoints as shown in Fig. 7 . The parameters of the direct transcription method are selected as N = 2 N 1 = 26, ∆t = 0.5 s. The solution to the optimization problem is obtained in 10 minutes and 36 seconds of CPU time by f mincon. The total trajectory time is equal to 40 s. The simulation showing the complete process of searching for a discrete path and generation of the continuous motion profile along with the simulation and experimental validation can be seen in this video 5 .
V. CONCLUSION AND DISCUSSION
This paper studies the trajectory planning of Mobile Cable Driven Parallel Robots (MCDPRs) using the approach of direct transcription. The continuous path planning problem is transcribed into a discrete optimization problem of N steps. The goal of the optimization problem is to maximize the wrench capability of the robot at each step while minimizing the total path length. The desired pose and intermediate waypoints are enforced using a set of equality constraints. Finally, the resulting path is transformed into a continuous motion profile using cubic splines. The proposed approach is validated through simulation and experimentally on MoPICK, a MCDPR composed of four mobile bases, four cables and a three degree-of-freedom point mass moving platform. Additionally, the proposed approach produces better quality path in comparison to iterative path planning algorithm.
It is noteworthy that direct transcription is generally used to compute dynamically-feasible trajectories. For this purpose, the aforementioned technique of trajectory design is investigated for MCDPRs; however, the work presented in this paper is a first step to develop and validate the approach by considering only the kinematic constraints. Future work will focus on the extension of the proposed method for online trajectory planning of MCDPRs by considering a dynamic environment. Consequently, the system dynamic parameters will be considered in the state transition equations.
